Abstract. In this paper integral formulae, based on Taylor's functional calculus for several operators, are found. Special cases of these formulae include those of Vasilescu and Janas, and an integral formula for commuting operators with real spectra.
x1 Introduction. Let a = (a 1 ; : : :; a n ) be a commuting tuple of bounded linear operators on a complex Banach space X, let be an open subset containing the Taylor's joint spectrum of a, Sp(a; X), and let f be a holomorphic function de ned on . Then Taylor T] de ned f(a) as follows:
f(a)x = 1 (2 i) n Z (R (z) f(z)x)dz;
for each x 2 X.
However, since R (z) is a homomorphism of cohomology, this means, in contrast with the Dunford-Schwartz calculus, that the functional calculus of Taylor is rather inexplicit.
In this paper we will show how explicit formulae for Taylor's functional calculus can be obtained, under certain circumstances which include the following:
(1) X is a Hilbert space; (2) a has real spectrum, i.e. Sp(a; X) R n ; Typeset by A M S-T E X for every 1 i; j n. We consider a 1 ; : : :; a n , and @ @ z1 ; : : :; @ @ zn to be operators on C 1 ( ; X), and set
and (z) = (z 1 ? a 1 )S 1 + + (z n ? a n )S n :
It follows from Taylor T] and Vasilescu V1] that (C 1 ( ; X); C 1 0 ( ; X); ; @ z ) is a Cauchy{Weil system. Let
where s is the homomorphism induced by the morphism s( ) = ^s 1^ ^s n , for 2 C 1 ( ; X x3 An Explicit Formulae. Thus, we see that the question of an explicit expression (i ) ?1 , and therefore an explicit formula for f(a) is closely tied to nding an explicit expression for a solution of the above equations. This in turn leads to the following result, which was suggested by results in V2] and is a special case of a result in A2].
For each z 2 nSp(a; X), let (b 1 (z); : : : ; b n (z)) be a commuting tuple of bounded linear operators on X. Moreover, for z 2 n Sp(a; X), let
(1) (z) = b 1 (z)S 1 + : : : b n (z)S n ;
(2) z 7 ! (z) be an in nitely-di erentiable mapping, and is a solution of ( + @ z )r(g) = r(f).
We can now obtain explicit formulae for Taylor for every x 2 X.
Proof. Let F 1 , F 2 be compact subsets of , such that Sp(a; X) is contained in the interior of F 1 , F 1 is contained in the interior of F 2 , and F 2 is contained in D.
Suppose now that 2 C 1 ( ) is such that = 0 on F 1 and = 1 on n F 2 . Let
Then by Lemma 1, we can show the following:
for every x 2 X. Example 1. Let X be a Hilbert space, and (z) = (z 1 ? a 1 ) S 1 + + (z n ? a n ) S n ; for z 2 C n . Then, we can show that satis es the conditions above, and that the explicit formula (1) Example 3. Let C n be a bounded convex domain given by a de ning function , i.e. = fz 2 C n : (z) < 0g, where is in nitely di erentiable on an open neighbourhood of and ( @ @z 1 ; : : :; @ @z n ) 6 = 0 on @ = fz 2 C n : (z) = 0g:
We will now show that we can use the formula (1) to obtain the integral formula of Janas J] .
Let f be continuous on and holomorphic on . Then we wish to show the following: Hence, passing to the limit k ! 1, we obtain the result.
